Structural topology optimization has been applied to nonlinear structural problems, but conventional methods considering geometrical nonlinearity encounter difficulties during nonlinear analysis using the FEM (Finite Element Method). In this study, we propose a new level set-based topology optimization method considering geometrical nonlinearity, using a meshfree particle technique, for optimizing elastic structures that undergo finite displacement. In the proposed method, the MPS (Moving Particle Semi-implicit) method is used for solving the state equation, since it does not use a mesh for geometrically nonlinear analysis. In this paper, first, a topology optimization problem is formulated based on the level set method, and a method for regularizing the optimization problem using the Tikhonov regularization method is explained. The reaction-diffusion equation that updates the level set function is then derived and an optimization algorithm, which uses the FEM to solve the reaction-diffusion equation when updating the level set function, is constructed. Next, the particle interaction model and the treatment of geometrical nonlinearity in the MPS method are described and the implementation that combines the level set-based topology optimization with the MPS method is explained. Finally, several numerical examples are provided to demonstrate the effectiveness of the proposed topology optimization method for geometrically nonlinear problems.
Introduction
A primary feature of topology optimization (1) , the most flexible type of structural optimization, is replacement of the structural optimization problem by a material distribution problem in a fixed design domain. Topology optimization has been extensively applied to a variety of structural optimization problems, mainly dealing with linear materials that do not undergo large deformations. Recently, however, topology optimization for structures has been applied to problems incorporating nonlinear materials and large deformations. To solve topology optimization problems for geometrically nonlinear structures, methods based on the homogenization design method (2) , (3) , the density approach (4) - (11) , and the ECP (Element Connectivity Parameterization) method (12) , (13) have been proposed. Topology optimization of geometrically nonlinear structures can provide results that avoid unstable behavior, such as buckling, in response to design loads.
Conventional topology optimization methods for structures with geometrical nonlinearity encounter difficulties during nonlinear analysis using the finite element (FE) method, due to the use of a mesh. In topology optimization using FE analysis based on the finite strain tensor for geometrically nonlinear problems, the tangent stiffness matrix becomes indefinite in low density finite elements, which prevents the convergence of solutions and renders such optimizations useless for geometrically nonlinear problems. This problem causes the appearance of grayscales in the optimal configurations of conventional topology optimizations, and distortion of finite elements during large deformation analysis. In prior research (4) , (7) , to overcome these problems, nodes that constitute elements representing the weak material are removed from the tangent stiffness matrix in Newton-Raphson iterations. This procedure, however, complicates the FE analysis. During the last decade, level set-based structural optimization methods were proposed (14) - (18) that are immune to the problem of grayscales. Level set-based topology optimization methods, such as Yamada's (19) - (21) , also enable topology optimization free of grayscales, theoretically, since shapes are expressed by the level set function, and such methods have been effectively applied to linear elastic problems. Certain shape optimization methods based on the level set method have been applied to geometrically nonlinear problems (16) - (18) , but few papers considering strong nonlinearity have been published. Furthermore, methods based on the Ersatz material approach (16) , (19) , (20) are not perfectly free from grayscales numerically, since domains near the boundaries are represented as intermediate material.
The problem of distortion of the finite elements can be avoided by introducing a meshfree method, or a particle method, to replace the FEM. Meshfree methods can be classified into node-based methods that lack node and element connectivities, and element-based methods, so-called generalized FE methods, where mesh distortion is manageable. Various nodebased meshfree methods have been proposed, such as the EFGM (Element-Free Galerkin Method) (22) and the RKPM (Reproducing Kernel Particle Method) (23) , (24) . Concerning generalized FE methods, the X-FEM (eXtended Finite Element Method) (25) , (26) and others have been proposed. Generalized FE methods can be extended to the FEM to take advantage of developed techniques such as the use of different element types. However, it is difficult for meshfree methods to overcome tangent stiffness matrix problems that lead to calculation problems because, fundamentally, meshfree methods encounter the same difficulties as the FEM in this regard. On the other hand, particle methods simulate a continuum as a set of particles. In particle methods, the deformation of the continuum is described by the deformation of the correlation of the particles. Particle methods that have been proposed include the SPH (Smoothed Particle Hydrodynamics) method (27) and the MPS (Moving Particle Semi-implicit) method (28) for fluid analysis, and both of these methods have recently been applied to nonlinear solid mechanics. In particular, the MPS method proposed by Koshizuka is extremely stable numerically and theoretically simple. The MPS method has been applied to elastostatic analysis (29) , (30) , elastodynamic analysis (29) , (30) , seismic response analysis, (31) and elasto-plastic analysis (32) in structural problems, and its efficiency has been demonstrated. Concerning topology optimization methods that use meshfree methods, a density approach using the RKPM (33) and a topology optimization method based on an implicit topology description using the RKPM (34) have been proposed. However, particle methods have not been applied to topology optimization problems, despite their effectiveness. In this study, we propose a new level set-based topology optimization method incorporating a particle method to enable consideration of geometrical nonlinearity, for optimizing elastic structures that undergo large deformations. In the proposed method, the MPS method is used for the displacement response analysis since it does not rely on a finite element mesh for geometrically nonlinear analysis. The particles are deployed in the material domain represented by the level set function at every iteration. That is, the fixed design domain is perfectly free from grayscales and fictitious weak materials, since the Ersatz material approach is not Vol. 7. No. 4, 2013 Journal of Advanced Mechanical Design, Systems, and Manufacturing used.
In Section 2, a topology optimization problem incorporating a level set boundary expression is formulated. In Section 3, an optimization algorithm is constructed based on the topology optimization problem and geometrically nonlinear analysis using the MPS method, and a strategy for integrating these two optimization components is described. In Section 4, the effectiveness of the proposed optimization method is confirmed for a minimum end compliance problem using numerical examples.
Formulations

Level Set-Based Topology Optimization
Consider a structural optimization problem that is to determine the optimal configuration of a domain filled with a solid material, i.e., a material domain Ω that denotes the design domain, by minimizing an objective functional F under a constraint functional G operating as a volume constraint, described as follows:
where V max is the upper limit of the volume constraint and x represents a point located in Ω. In conventional topology optimization methods, a fixed design domain D, composed of a material domain Ω such that Ω ⊂ D, and another complementary domain representing a void exist. That is, a void domain D\Ω is introduced. Using the characteristic function χ Ω ∈ L ∞ , defined as
the above structural optimization problem is replaced by a material distribution problem, to search for an optimal configuration of the design domain in the fixed design domain D, as follows:
Now, we briefly discuss the basic concept of a level set-based topology optimization method that includes the Tikhonov regularization method. We use the level set method to represent the structural boundaries, using a scalar function, the so-called level set function. As shown in the following equation, the level set function φ(x) assumes a positive value in the material domain, a negative value in the void domain, and a value of zero on structural boundaries.
Based on the above structural boundary expression, the topology optimization problem is formulated as
where χ φ (φ) is a characteristic function defined as follows:
Journal of Advanced Mechanical Design, Systems, and Manufacturing
Next, the above optimization problem is regularized. In conventional topology optimization methods, the homogenization method or a density approach is used for regularization, but the use of a level set boundary expression here prevents the use of these techniques. To overcome this problem, Yamada et al. proposed a new type of regularization technique based on the introduction of the Tikhonov regularization term into the objective functional (19) , (20) .
That is, the above topology optimization problem (7), (8), is replaced by the following:
where F R is the regularized objective functional and τ > 0 is a regularization parameter.
In the proposed method, the existence of the gradient of the level set function is assumed. To regularize the topology optimization problem, the objective functional is replaced by the sum of the objective functional and the square of the gradient of the level set function. As shown in Fig. 1 , the level set function has a value of −1 in the void domain and 1 in the material domain, and the level set function is distributed smoothly as a scalar function near the boundary where φ (x) = 0. Next, the optimization problem represented by (10) and (11) is reformulated using Lagrange's method of undetermined multipliers. Let the Lagrangian be F R and the Lagrange multiplier of the volume constraint be λ. The optimization problem is then formulated as
The optimal configuration will be obtained by solving the above optimization problem. The necessary optimality conditions (KKT-conditions) for the above optimization problem are now derived, as follows:
The level set function describing the optimal configurations satisfies the above KKT-conditions. Conversely, solutions obtained by Eq. (13) are optimum solution candidates, but obtaining this level set function directly is problematic, so the optimization problem is replaced by a problem of solving time evolutional equation that will provide optimum solution candidates.
Time Evolutional Equation
Here, we assume that variation of the level set function φ with respect to fictitious time t is proportional to the gradient of the Lagrangian F, as shown in the following:
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where K > 0 is a coefficient of proportionality. Substituting Eq. (12) into Eq. (14) and then setting an appropriate boundary condition yields the following equation (19) :
where ∂D N is non-design boundaries. In this paper, optimum solution candidates are found by solving Eq. (15).
Minimum End Compliance Problem
The method proposed above is now applied to a minimum end compliance problem considering geometrical nonlinearity. In this method, the end compliance F e.c. is the objective function which is to be minimized. The end compliance represents the mean compliance at an end state, and is handled simply as an extension of the linear problem. Consider a material domain where the displacement is fixed at one boundary and a force is imposed at another boundary. A body force may also be applied throughout the material domain. The minimum end compliance problem under a volume constraint is then formulated as
where the above elements are defined as
where is the strain tensor defined in the MPS method, E is the elasticity tensor, u is the state, u is the adjoint state, and
In the MPS method, the strain tensor is
where F is the deformation gradient tensor and I is the identity tensor. Equation (23) represents the strain tensor independently of rigid rotation, and is the first-order formula for the deformation gradient tensor F. Details pertaining to Eq. (23) are given in 3.3. Next, the sensitivity of regularized Lagrangian F e.c. for the minimum compliance problem is derived. The regularized Lagrangian F e.c. is the following:
Using Eq. (24), the KKT-conditions are derived as follows.
The sensitivity of Lagrangian F e.c. is obtained using the adjoint variable method as
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for ∀δu ∈ U.
To eliminate the sensitivity with respect to du dφ , the adjoint variable field u is chosen such that
Therefore, finally, the sensitivity of Lagrangian F e.c. is defined as
3. Numerical implementations
Optimization Algorithm
The flowchart of the optimization procedure is shown in Fig. 2 . As shown, the initial configuration is set first. In the second step, the equilibrium equations are solved using the MPS method and the objective functional is computed in the third step. The optimization process finishes if the objective functional has converged, otherwise the sensitivities with respect to the objective functional are computed and the level set function φ is updated based on Eq. (15), using the finite element method. 
The MPS Method
The MPS method is a discretization method for continua using interactive particles and a model based on differential operators. In the MPS method, a weighting function w is defined as
where r 0 i j is the initial relative distance vector between particles i and j, and r e is the effective radius of interaction of the particles, which here is set so that r e is 3.1 × r 0 i j . The weighting function w refers to the number of particles that each particle is connected to. The particle number density n 0 i of particle i is defined as the sum of weighting functions w at the location of particle i, as follows. 
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In the MPS method applied here, the governing equation is discretized as follows, using the gradient and divergence operators defined in the above models.
Geometrical Nonlinearity in the MPS Method
In the MPS method shown in Fig. 3 , the relative displacement between particles i and j is defined as
where r i j is the current relative distance vector between particles i and j, and R is the orthogonal rotation tensor. Equation (33) can be rewritten as
so that the strain tensor in the MPS method is defined as
where deformation gradient tensor F is the following:
where u is the right stretch tensor. Substituting Eq. (36) into Eq. (35),
where
and C is the right Cauchy-Green tensor. Therefore, strain tensor in Eq. (23) is derived. In other words, in the MPS method, the strain tensor has the orthogonal tensor R removed from the deformation gradient tensor F. The strain tensor is therefore independent with respect to rigid rotation. 
Application of the MPS Method in the Proposed Level Set-Based Topology Optimization Method
We apply the MPS method to the proposed topology optimization method incorporating a level set boundary expression to handle the issue of large deformations. In the level setbased topology optimization procedure shown in Fig. 2 , the end compliance as an objective functional is calculated by geometrically nonlinear analysis using the MPS method.
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In this study, the level set function is discretized using the finite element method, since the fixed design domain is not changed during the optimization process. In the proposed method, first, the particles are set on each finite element. In the second step, particles in the void domain (φ (x) < 0) are removed to represent the void domain, as shown in Fig. 4 . Therefore, the Fig. 4 Illustration of particles in the void domain being ignored in the MPS method proposed method is perfectly free from grayscales for the intermediate domain and fictitious weak material for void domain. As a result, this scheme avoids numerical instabilities caused by geometrical nonlinearity (4) , (7) .
Numerical Examples
Topology Optimization of a Fixed Supported Beam under Single Loading
In this section, two typical numerical examples are presented to confirm the effectiveness of the proposed optimization method for two-dimensional minimum end compliance problems. First, using a minimum end compliance problem considering geometrical nonlinearity for a fixed supported beam, the most typical numerical example in the literature, we examine the effects of different design loads, initial configurations, and particle sizes upon the resulting optimal configurations. Fig. 5 shows the fixed design domain and boundary conditions for the fixed supported beam design problem. In these examples, the isotropic elastic material has Young's modulus = 1MPa and Poisson's ratio = 0.3. The upper limit of the volume constraint V max is set to 20% of the volume of the fixed design domain. 
Effect of Design Loads
First, we examine the effect of different design loads upon the resulting optimal configurations. In the level set function field, the fixed design domain is discretized using a structured mesh and four-node quadrilateral finite elements 1.0 × 10 −2 m in length. In the displacement field, the fixed design domain is discretized using particles 1.0 × 10 −2 m in size. Figure 6 shows the initial configuration. Figure 7 (a) shows the optimal configuration using linear finite element analysis under a design load where P ext = 1N/m 2 , and the result is a structure of two frames under compression only. Figure 7(b) shows the optimal configuration using linear finite element analysis under a design load where P ext = 4, 000N/m 2 . These results show that the optimal configurations are independent of the design loads when using linear finite element analysis. Figure 8(a) shows the optimal configuration using geometrically nonlinear 
Effect of Initial Configuration
Second, we examine the effect of different initial configurations upon the resulting optimal configurations. In the level set function field, the fixed design domain is discretized using a structured mesh and four-node quadrilateral finite elements 1.0 × 10 −2 m in length. In the displacement field, the fixed design domain is discretized using particles 1.0 × 10 −2 m in size.
The design load P ext is 4, 000N/m 2 . Figure 9 shows two cases and the obtained optimal configurations, each using a different initial configuration. The initial configuration for Case 1 has 27 holes; the initial configuration for Case 2 has 75 holes. In both cases, the optimal configurations are smooth, clear and nearly the same. That is, an appropriate optimal configuration was obtained for both initial configurations, confirming that the dependency of the obtained optimal configurations upon the initial configuration is extremely low.
Effect of Particle Size
Third, we examine the effect of the particle size upon the resulting optimal configurations, using the initial configuration shown in Fig. 6 . We examine four cases whose degree Vol. 7. No. 4, 2013 Journal of Advanced Mechanical Design, Systems, and Manufacturing Figure 10 shows the optimal configuration for each of the four cases. In all cases, the optimal configurations are smooth, clear, and nearly the same. That is, appropriate optimal configurations can be obtained despite a wide variation in the degree of discretization that was used. Thus, we can confirm that dependency with regard to the finite element mesh size of the level set function is extremely small, provided that the finite element size is sufficiently small. 
Topology Optimization for a Simple Supported Beam
Next, we apply the proposed method to the topology optimization of a simple supported beam structure. Figure 11 shows the fixed design domain and boundary conditions of this design problem. In the level set function field, the fixed design domain is discretized using a structured mesh and four-node quadrilateral finite elements 1.0 × 10 −2 m in length. In the displacement field, the fixed design domain is discretized using particles whose size is 1.0 × 10 −2 m. In this example, the isotropic elastic material also has Young's modulus = 1MPa and
Poisson's ratio = 0.3, but the upper limit of the volume constraint V max is set to 30% of the volume of the fixed design domain. Figure 12 shows the initial configuration. Journal of Advanced Mechanical Design, Systems, and Manufacturing design loads when using linear finite element analysis. Figures 14(a) and (b) show optimal configurations when using the MPS method under different design loads, P ext = 1N/m 2 and P ext = 1, 250N/m 2 , respectively. The optimal configuration shown in Fig. 14(a) is the same as the result for the linear solution shown in Fig. 14(a) and Fig.13(a) , since the deformation is adequately small. The optimal configuration in Fig. 14(b) shows no evidence of buckling under the set design load. These results indicate that the proposed method can obtain optimum and appropriate configurations for the set design loads.
Conclusion
This paper proposed a topology optimization method incorporating a level set boundary expression and a MPS method, and applied it to a minimum end compliance problem. We achieved the following:
(1) A strategy for integrating the topology optimization method incorporating the level set boundary expression with geometrically nonlinear analysis using the MPS method was developed.
(2) Based on the proposed topology optimization method, a minimum end compliance problem was formulated and an optimization algorithm considering the geometrical nonlinearity was then constructed.
(3) Several numerical examples were provided to confirm the usefulness of the proposed topology optimization method for minimum end compliance problems. We confirmed that smooth and clear optimal configurations considering geometrical nonlinearity were obtained when using the proposed topology optimization method. In addition, the obtained optimal configurations showed minimal dependency with respect to both initial configurations and particle size.
